We examine a number of countable homogeneous relational structures with the aim of deciding which countable groups can act regularly on them. Since a group X acts regularly on a graph G if and only if G is a Cayley graph for X, we will extend the terminology and say that M is a Cayley object for X if X acts regularly on M. We consider, among other things, graphs, hypergraphs, metric spaces and total orders.
Introduction
Let X be a group. A Cayley graph for X is a graph G with vertex set X having the property that, for all g 2 X, right multiplication by g (the map x 7 ! xg) is an automorphism of G. In other words, the image of X in the symmetric group Sym(X), under Cayley's isomorphism, is a subgroup of the automorphism group of G.
The problem of describing all Cayley graphs for X is relatively straightforward. Let S be a subset of X having the properties 1 = 2 S; s 2 S implies s ?1 2 S. Now de ne a graph Cay(X; S), on the vertex set X, by the rule that x and y are adjacent if and only if yx ?1 2 S. Then Cay(X; S) is a Cayley graph for X; and every Cayley graph arises for some choice of subset S. ( Note that the elements of S are the neighbours of the identity in Cay(X; S).)
The inverse problem, that of describing all groups X for which a given graph G is a Cayley graph, is less straightforward, and motivates the present paper. First note that the action of X on the vertices of a Cayley graph is regular: that is, it is transitive, and the stabiliser of a vertex is the identity. So any Cayley graph for X must be vertex-transitive. Now it is well-known (and easy to prove) that, if X is a group of automorphisms of a graph G which acts regularly on the vertex set of G, then G is a Cayley graph for X. So the groups for which a given vertex-transitive graph G is a Cayley graph are precisely those which are isomorphic to regular subgroups of Aut(G).
At this point, note that treatments of Cayley graphs in the literature may di er from the above account in two inessential ways. First, it is fairly common to let X act by left (rather than right) multiplication. Second, the de nition of a Cayley graph is sometimes strengthened to include connectedness. In fact, Cay(X; S) is connected if and only if S is a generating set for X.
A Cayley graph is said to be normal if it admits both left and right multiplication by elements of X. It is easily seen that an equivalent formulation is as follows. The Cayley graph Cay(X; S) is normal if and only if S is a normal subset of X (one which is xed by conjugation by all elements of X). ( The composition of left multiplication by g ?1 and right multiplication by g is conjugation by g.) In particular, every Cayley graph for an abelian group is normal.
In this paper, I extend the terminology to other types of objects (hypergraphs, tournaments, metric spaces and so on). Thus, an object O of any type is a Cayley object for the group X if its point set is X and right multiplication by any element of X is an automorphism of O; it is a normal Cayley object if both left and right multiplication by elements of X are automorphisms.
Part of the motivation for this paper is the search for countable B-groups. Recall that a permutation group on a set X is said to be primitive if it leaves invariant no equivalence relation except for the trivial ones (equality and the`universal' relation X X); it is doubly transitive if it leaves invariant no binary relations at all except for the trivial ones (equality, inequality, the universal relation, and the empty relation). Now the group X is a Bgroup if every primitive subgroup of Sym(X) which contains the regular representation of X is doubly transitive. The B stands for Burnside, who showed that cyclic groups of composite prime-power order are B-groups. It is now known, as a consequence of the classi cation of nite simple groups, that for almost all positive integers n (a set of density 1), every group of order n is a B-group. This is simply because of the paucity of primitive permutation groups. In the in nite case, there is no such paucity; and, indeed, no countable B-group is yet known.
The notion of Cayley objects is a tool for showing that various groups are not B-groups. For the homogeneous objects that we consider, it is easy to decide whether the automorphism group is primitive; and, in almost all cases, it is. Now if the object O has the property that its automorphism group is primitive but not 2-transitive, then any group for which O is a Cayley object is shown not to be a B-group. This approach was exploited for the`random graph' (Rado's graph) by Cameron and Johnson 5] .
We will restrict our search to homogeneous objects. An object O is homogeneous if every isomorphism between nite subobjects of O extends to an automorphism of O. This asserts that O has the maximum possible amount of symmetry. A countable homogeneous relational structure is determined by, and can be recognised by, the class of its nite substructures; this theory, developed by Fra ss e, is brie y outlined in Section 2. Another clear account is in Cherlin 6] .
The most powerful technique for constructing Cayley objects which are homogeneous is that of Baire category: we show that, under appropriate hypotheses on the group X, almost all X-invariant objects of the appropriate type (in the sense of category; that is, a residual set) are homogeneous. The method is outlined in Section 3.
The remainder of the paper treats particular examples: graphs, directed graphs, hypergraphs, metric spaces, orders, and n-tuples of orders. In some cases, we are close to a complete characterisation of the groups for which the structure in question is a Cayley object. In other cases, the analysis is much less developed, and we are content to give a few examples.
Homogeneous structures
The existence and uniqueness of homogeneous structures is described by Fra ss e's Theorem 9] . We consider only relational structures, or sets carrying speci ed relations, though the theorem holds much more generally. The structure M is homogeneous if every isomorphism between induced substructures of M can be extended to an automorphism of M. The age Age(M) of M is the class of all nite structures which are embeddable in M as induced substructures. A class C of structures satis es the amalgamation property if, whenever A; B 1 ; B 2 2 C and f i : A ! B i are embeddings for i = 1; 2, there exist C 2 C and embeddings g i : B i ! C for i = 1; 2 such that f 1 g 1 = f 2 g 2 .
Contrary to the normal practice of logicians here, we permit the case where A is the empty structure. (In this case the condition is called the joint embedding property and simply asserts that any two members of C can be embedded in some member of C.) Theorem 2.1 The class C of nite relational structures is the age of a countable relational structure M if and only if it is closed under isomorphism, closed under taking induced substructures, contains only countably many members up to isomorphism, and has the amalgamation property. Moreover, if these conditions hold, then M is unique up to isomorphism.
A class C satisfying these conditions is called a Fra ss e class, and the countable homogeneous structure M is its Fra ss e limit.
The following test will be important in the sequel for recognising countable homogeneous structures. This is referred to as the I-property of M, since it is very similar to injectivity in a category.
For a more detailed description of these ideas, see the account in the rst chapter of Cherlin 6 ].
Residual sets
Many of our existence proofs are based on the technology of Baire category. In this section we describe the simpli ed form of the Baire category theorem which is required. Informally, if some object is speci ed by a countable sequence of choices, we try to show that an object with a given property P exists by showing that P holds for`almost all' choices.
A subset of a metric space is called residual if it contains a countable intersection of open dense sets. The Baire category theorem states that a residual subset of a complete metric space is non-empty. The interpretation is that residual sets are`large', much like the complements of null sets in measure spaces. For example, the intersection of countably many residual sets is residual and hence non-empty.
The complete metric spaces to which the theorem will be applied all arise from paths in rooted trees of countable height. Let T be such a tree, and let P(T) denote the set of paths of countable length starting at the root of T. We de ne the distance between distinct paths p and p 0 to be f(n), where n is the height of the last node at which p and p 0 agree, and f is any strictly decreasing function tending to zero. The metric space axioms are easily veri ed; indeed, the ultrametric inequality d(p; p 00 ) maxfd(p; p 0 ); d(p 0 ; p 00 )g holds. A Cauchy sequence in this metric space is a sequence of paths agreeing on longer and longer initial segments, and so has a unique limiting path. So the metric space is complete.
To understand residual sets in this space, we must rst interpret the conditions of openness and denseness. An open ball consists of all paths which contain a given node. So a set S of paths is open if it has the property that, for any path p 2 S, there is a node x on p with the property that every path containing x is in S. (Such a set is called nitely determined.) A set S is dense if it meets every open ball; that is, for any node x, there is a path in S which contains x. (Such a set is called always reachable.) In this special case, it is not di cult to prove the Baire category theorem directly.
We say that a property of a path p is generic if it holds for a residual set of paths. 4 The random graph
The result of this section appear in Cameron and Johnson 5] . It is repeated here partly for completeness, and partly as a simple introduction to the technique.
The random graph, or Rado's graph (which will be here denoted by R) is the Fra ss e limit of the class of all nite graphs (which is clearly a Fra ss e class). It was constructed explicitly by Rado 13] , and implicitly by Erd} os and R enyi 8], who showed that a countable random graph (with edges chosen independently with probability 1 2 ) is almost surely isomorphic to R. The Baire category analogue of this fact is that the isomorphism class of R is residual in the class of all graphs (on a given countable vertex set). Now let X be a group. As we have seen, a Cayley graph for X has the form Cay(X; S), where S is an inverse-closed subset of X n f1g. If Proof We must show that, for any nite graphs A; B with A B and jBj = jAj + 1, and any subset C of X with jCj = jAj, the set X(A; B; C) of Cayley graphs for which
is open and dense. As usual, the openness is clear, since membership in this set depends only on a nite number of choices of elements of S (viz., all yx ?1 for x; y 2 C (or C fzg, where z is the witness). So we have to show that this set is dense. So assume that decisions about the rst n inverse pairs have been made and that, as a result of these decisions, a nite subset S 0 of S has been chosen. We can assume that these decisions include all yx ?1 for x; y 2 C, so that the structure of the induced subgraph on the set C is determined.
If these decisions already imply that C 6 = A, we are done, so suppose not. Now we require an element z which is adjacent to a given subset U of C and non-adjacent to the complementary subset V = C n U. We must disqualify certain elements: (a) All x for which some adjacency or non-adjacency to C is already determined.
(b) All x for which there exist u 2 U and v 2 V with ux ?1 = xv ?1 ; for, whatever decisions we make, such x will be joined to both or neither of u and v. Now there are only nitely many elements under (a), namely those of the form x i c or x ?1 i c for i n: this is a nite set. For given u and v, the set disquali ed in (b) is fx : (xv ?1 ) 2 = uv ?1 g = ( p uv ?1 )v; a translate of a non-principal square root set; and there are nitely many such sets to be excluded. Now the hypotheses of the theorem guarantee that some element z not in C is not disquali ed by these rules, and we can make subsequent decisions so that z is the required witness. Many groups satisfy the hypothesis of the theorem. For example, they hold if X has a homomorphism onto the in nite cyclic group, since a square-root set maps onto a single element under .
The hypothesis of the theorem is close to being necessary for X to have R as a Cayley graph. For, if it does so, then X cannot be a union of translates of square-root sets of the speci c form ( p uv ?1 )v for u 2 U and v 2 V , where U and V are disjoint nite subsets of X, together with the nite set U V . Indeed, the above proof shows that this condition is also su cient. It is not known whether there exists a countable group which satis es this but not the stronger condition of the theorem.
Similar remarks apply in later sections, where the su cient conditions we give are simpler than the best that can be derived by this technique. 5 Henson's graphs Henson' s graph H p is the unique countable homogeneous K p -free graph. In the paper 10] in which Henson introduced these graphs, he showed that H 3 admits a cyclic automorphism (and so is a Cayley object for the in nite cyclic group Z), while H p does not for p > 3. We will generalise these results to wider classes of groups. The argument for p > 3 is a simple modi cation of Henson's.
For any group X and any a 1 ; : : :; a n 2 G, we de ne S(a 1 ; a 2 ; : : : ; a n ) = fx 2 X : a ?1 1 xa ?1 2 x a ?1 n x = 1g: Note that S(a 1 ) = fa 1 g, and S(a 1 ; a 2 ) is a translate of a square-root set (speci cally S(a 1 ; a 2 ) = ( p a 2 a ?1 1 )a 1 . Also, for a; b 2 X, let C(a; b) = fx 2 X : x ?1 ax = bg; this set is empty if a and b are not conjugate, and is a coset of the centraliser of a if they are conjugate.
Theorem 5.1 Let X be a countable group. Suppose that X cannot be expressed as a nite union of sets of the form S(a), S(a; b) (a 6 = b), S(a; b; c), or C(a; b). Then Henson's graph H 3 is a Cayley graph for X. If X is abelian, then we may assume that no sets of the form C(a; b) occur.
Proof As usual, we identify a Cayley graph Cay(X; S) with a sequence of choices of inverse pairs of non-identity elements of X for inclusion in S. This time, however, the choices are not independent, since we want the resulting graph to be triangle-free. Thus, let fx 1 ; x ?1 1 g; fx 2 ; x ?1 2 g; : : : be the inverse pairs of non-identity elements. Suppose that we have chosen a subset S 0 by making decisions about the rst n pairs, so that Cay(X; S 0 ) is trianglefree. If Cay(X; S 0 fx n+1 ; x ?1 n+1 g) contains a triangle, then we must omit the elements x n+1 and x ?1 n+1 ; if not, then we may include or omit them. We never get stuck, since omitting elements is always possible. So the set of triangle-free Cayley graphs is identi ed with the set of paths in a tree.
We claim that the set of graphs isomorphic to H 3 is residual. The Iproperty for H 3 asserts that, for any two nite disjoint sets U and V of vertices such that U contains no edge, there is a vertex z joined to everything in U and nothing in V . Take nite subsets U; V of X. We must show that the set of paths for which either U contains an edge or there exists z joined to everything in U and nothing in V is open and dense. That it is open is clear. So assume that we have already made nitely many decisions, and have chosen a set S 0 . If we have put an element u ?1 1 u 2 into 0 , for u 1 ; u 2 2 U, then U contains an edge, and we are done. So suppose not.
Looking for an appropriate z, we rst disqualify points z already nonadjacent to something in U or adjacent to something in V : there are nitely many of these. Next, we disqualify points z for which a join to U would force a join to V also: these satisfy u ? We have discussed the di cult cases; it remains only to treat the easy ones. The following result is straightforward. Theorem 6.2 The disjoint union of m copies of K n is a Cayley graph for X if and only if X has a subgroup of index m and order n; it is a normal Cayley graph for X if and only if X has a normal subgroup with these properties.
There are other interesting countable graphs G which are almost homogeneous, in the following sense: there is a relation R having a rst-order de nition without parameters in the graph G such that the structure consisting of the graph equipped with the relation R is homogeneous. (The de nition of R from G does not necessarily apply in nite subgraphs of G; thus the mappings which are required to extend to automorphisms are more restricted.)
The easiest example is the almost homogeneous bipartite graph B. It is a graph with a bipartition, having the properties every nite graph with bipartition is embeddable in B; every mapping between nite subsets of B which is a graph isomorphism respecting the bipartition extends to an automorphism of B. For example, all pairs of non-adjacent vertices are isomorphic as subgraphs of B, but they fall into two types as`subgraphs with bipartition', according as they are in the same or di erent parts of the bipartition. The additional relation means that decisions about the bipartition, which are not forced by the structure of a nite subgraph, are made consistently. Theorem 6.3 Let X be a countable group. Suppose that (a) X is not the union of a nite number of translates of non-principal square root sets and a nite set; (b) X has a subgroup of index 2. Then the almost homogeneous bipartite graph B is a Cayley graph for X. Proof We follow closely the proof of Theorem 4.1. The I-property in this case asserts that, if U and V are nite disjoint sets in the same bipartite block, then there is a point in the other bipartite block joined to every vertex in U and none in V . We must check that, if a nite set of choices have already been made, it is still possible to make further choices so that this holds for given U and V . We take the bipartition to consist of the cosets of the given subgroup Y of index 2. The condition could fail only if the coset X n Y were the union of nitely many sets of the form ( p uv ?1 )v. But then, choosing w 2 X n Y , the translates of these sets by w would cover Y , so that X itself would be the union of a nite number of translates of non-principal square-root sets, contrary to assumption.
Note that (b) is the same condition as in Theorem 4.1; if it holds, then di erent subgroups of index 2 in X give rise to di erent Cayley graphs for X isomorphic to B.
A permutation graph on the vertex set X is de ned as follows: take two total orders < 1 and < 2 on X, and let x and y be adjacent if and only if the order of x and y is di erent in < 1 and < 2 . (If X is nite, the second order is obtained from the rst by a permutation of X, so the edges of the graph are the inversions of some permutation; hence the name. But this description is not available in the in nite case.) There is a unique countable almost homogeneous permutation graph which contains all nite permutation graphs. We defer consideration of it until Section 11.
The nal example to be considered here is the countable almost homogeneous N-free graph constructed by Covington 7] . A graph is N-free if it does not contain a path of length 3 as induced subgraph.
The additional relation required to make such a graph homogeneous is a ternary relation resembling`betweenness', which distinguishes one vertex from each set of three. Consider the possible 3-vertex subgraphs. For those containing one or two edges, one vertex is distinguished by the graph structure. Now if T = fx; y; zg is a 3-clique in an N-free graph, there is at most one vertex in T with the property that it is the unique vertex of T joined to some outside vertex; this vertex is distinguished by the relation (if it exists). (So, for any 3-clique T, the ternary relation distinguishes a vertex of T which may be the unique neighbour of an outside vertex in some larger graph.) The dual applies for a 3-coclique. Covington shows that there is a unique countable homogeneous structure C which consists of an N-free graph with a ternary relation as described embedding all such nite structures.
Much less is known about groups for which C is a Cayley graph; but the following holds. Theorem 6.4 Covington's graph C is a Cayley graph for the countable elementary abelian 2-group but not for the in nite cyclic group Z.
Proof For the rst assertion, we give an explicit construction of C. Let X be the set of all nite subsets of Q. (Then X, with the operation of symmetric di erence, is an elementary abelian 2-group). Given A; B; C 2 X, consider the three sets A 4B, A 4 C and B 4 C. Since the symmetric di erence of these three sets is empty, two of them (without loss A 4B and A 4C) have the same minimum element, which is di erent from the minimal element of the third; in this case, the ternary relation distinguishes A. To obtain the compatible N-free graph, we colour the rationals with two colours, say black and white, so that each colour class is dense. (This can be done uniquely, up to order-automorphisms of Q.) Them we join A to B if the minimum element of A 4B is black. It is readily checked that this gives Covington's structure and that it is a Cayley object for the group X.
For the second part of the theorem, we give a complete description of N-free Cayley graphs for Z, and observe that none is isomorphic to C. Note, rst, that a graph is N-free if and only if its complement is, and that C is connected, since it is isomorphic to its complement. (This contrasts with the situation for nite N-free graphs, where a such graph is connected if and only if its complement is disconnected.) Let Cay(Z;S (?S)) be N-free, where S is a set of positive integers.
Replacing S by its complement if necessary, we may assume that 1 2 S. Now let (m 1 ; m 2 ; : : :) be a nite or in nite sequence of integers greater than 1. Let p n = m 1 m 2 m n for n 1, with p 0 = 1. Let S(m 1 ; m 2 ; : : :) be the set of positive integers s such that the maximum k for which p k divides s is even. We claim that the corresponding Cayley graph is N-free, and that every N-free Cayley graph for Zin which 0 is joined to 1 has this form. But no such graph is isomorphic to C, since its complement is disconnected. (The components of the complement are the congruence classes modulo n 1 .)
The N-freeness of the graph is a simple calculation. To prove the other part of the claim, it su ces to show the following: if Cay(Z;S (?S)) is N-free, 1 2 S, and n 1 is the least positive integer not in S, then all positive integers not divisible by n 1 are in S. For then the induced subgraph on the set of multiples of n 1 is a cyclic N-free graph, and the result follows by induction. Now, if x were the smallest number not divisible by n 1 which is not in S, then the induced subgraph on f0; x ? n 1 ; n 1 ; xg would be a path of length 3; so no such x can exist.
Hypergraphs
No classi cation of countable homogeneous hypergraphs is known. We restrict attention to the analogues of Rado's graph. For each k > 2, there is a unique countable homogeneous k-uniform hypergraph R k which contains all nite k-uniform hypergraphs (the Fra ss e limit of the class of all nite k-uniform hypergraphs). Thus, R 2 is the graph R. For k > 2, we can answer the question completely. 
Directed graphs
In a major recent piece of work, Cherlin 6] has determined all the countable homogeneous directed graphs. There are uncountably many of them. So it would be possible to pose the question: for which countable groups do there exist homogeneous Cayley digraphs? The goal here is much more modest: I consider just two of these digraphs, namely the digraph and tournament analogous to the random graph (that is, the homogeneous structures D and T whose ages are the classes of all nite digraphs and all nite tournaments respectively).
Theorem 8.1 Let X be a countable group which cannot be expressed as the union of nitely many translates of square root sets and a nite set. Proof The proof follows the usual lines. Note that, by contrast with Theorem 4.1, we include the square root set of the identity. This is because we might be required to join the new vertex x to an existing vertex u by a directed edge; but, if (xu ?1 ) 2 = 1, this would not be possible, so such points x, lying in ( p 1)u, must be excluded. Moreover, in a tournament, every point has this property, so there can be no non-trivial square roots of 1 at all. (Said otherwise, a tournament can have no automorphism of order 2.) 9 
Metric spaces
We consider integral metric spaces, or IMSs for short, those in which all distances are integers. Now a homogeneous metric space is certainly distancetransitive, in the sense that, if d(x; y) = d(u; v) then there is an isometry carrying (x; y) to (u; v). As observed in Cameron 4] , if M is an IMS in which the distance-1 graph is connected, then the metric in M coincides with the path metric in the distance-1 graph (which is thus itself distance-transitive). It is also possible to obtain`bipartite' analogues, by specifying that the perimeter of every triangle should be even. The bipartite analogue of M 3 is the graph B with the path metric.
The results here are much less complete. The following two positive results are given as examples of what can be done, rather than as approximations to a de nitive result. Proof Let x 1 ; x 2 ; : : : be a basis for the countable elementary abelian 2-group X. We describe metric spaces for the group as follows. Suppose that distances from the identity to elements of X n = hx 1 ; : : :; x n?1 i have been speci ed. Then all distances within X n are determined. Consider the point x n . Choose any integral metric on X n fx n g compatible with the appropriate conditions. Then all distances in X n+1 = hX n ; x n i are determined, by translation. Moreover, no contradiction arises. For any triangle in X n+1 is equivalent under translation to either a triangle in X n , or a triangle with one vertex at x n and the other two in X n . Now let B = A fag be a member of the age of the appropriate homogeneous object, and let C be a subset of X. We have to show that the class of metrics on X for which the I-property holds is open and dense. As usual, the openness is clear. Suppose that C is isometric to A once the metric on hCi = X n has been speci ed. We specify distances from x n to C so that C fx n g is isometric to B. Because of the amalgamation property, we can extend this to specify distances from x n to all of X n , and then continue the construction as before. So provided that the lower bound i + 1 f(x) does not con ict, neither will this bound.
The remaining bounds for x (nd + 1)=2 can be stated as follows:
jf(y) ? f(x ? y)j f(x) f(y) + f(x ? y) (1) jf(x + y) ? f(y)j f(x) f(x + y) + f(y) (2) i + 1 f(x) d ? i
We denote a potential con ict arising because the left-hand side of inequality (X) is greater than the right-hand side of (Y) by (X).(Y) { there are nine cases to consider. Many of the arguments are similar, and only a few representative cases will be given. In case (1) . (1), con ict doesn't occur: this is precisely the argument we used to show that no con ict arises when values of f(x) are chosen in order.
In case (2) . (1) and there is no con ict. Finally, case (3) . (3) The proof follows the similar proof for K n -free graphs (Theorem 5.2): simply replace`adjacent' and`non-adjacent' by`distance 1' and`distance 2' respectively.
Linear orders
There is a unique countable homogeneous linear order, namely Q. In fact, Cantor's Theorem characterises Q as the unique countable linear order which is dense (that is, if x < y then there exists z with x < z < y) and without endpoints (that is, for all x there exist u; v with u < x < v). These conditions express the I-property for sets of cardinality at most 2.
A group has a total order as a Cayley object if and only if it is rightorderable; it has a total order as a normal Cayley object if and only if it is orderable. There is a considerable literature on these concepts (see Mura and Rhemtulla 12] ). However, the question of when this order is dense has not been discussed much. Here are a couple of remarks. ; of real numbers, not both zero, with (x; y) > 0 if x + y > 0. If the ratio of and is irrational, this determines the order, which is dense. Otherwise, there are two possible choices for the order, which is not dense: it is isomorphic to the lexicographic order.
There are three important types of relation derived from a linear order: betweenness, circular order, and separation. See 1, 2, 3] for details. Much less is known about their occurrence as Cayley objects. I conclude this section with some brief remarks about the rst two of these. First, a general comment: if a linear order is a Cayley object for X, then so are the betweenness, circular order and separation derived from it.
If < is a linear order on X, the derived betweenness relation is a ternary relation de ned as follows: y is between x and z if either x < y < z or z < y < x. For the circular order (the ternary relation which is satis ed by (x; y; z) if one of x < y < z, z < x < y or y < z < x holds), I merely give some examples. As noted, any group with a dense right order has the derived circular order as a Cayley object. All such groups are torsion-free. But there are other groups, in particular torsion groups, for which the circular order is a Cayley object. One example is the group Q=Z(the multiplicative group of complex roots of unity).
This circular order is also a Cayley object for the in nite cyclic group: for the group generated by a rotation of the unit circle through an irrational multiple of 2 has the property that any orbit is dense.
n-tuples of orders
There is a unique countable homogeneous n-tuple of linear orders, which is the Fra ss e limit of the class of all nite sets carrying n independent linear orders. The I-property can be stated as follows: If < 1 ; : : : ; < n denote the orders then, for any k distinct points x 1 ; : : :; x k and any k-tuple (q 1 ; : : :; q k ) of numbers from the set f0; : : : ; kg, there exists a point z which lies in the q i th interval de ned by x 1 ; : : :; x k with respect to < i , for i = 1; : : : ; n. (Here, for any order <, if a 1 < : : : < a k , the k intervals de ned by these points are fz : z < a 1 g, fz : a 1 < z < a 2 g, . . . , fz : a k < zg; we number them from 0 to k.) By Cantor's Theorem, for n = 1 it su ces to require this condition for k 2; and it can be shown that, in general, it su ces to require it for k 2n. Problem For which pairs (m; n) is the unique countable homogeneous n-tuple by choice of x and y. So the order < n is not independent of f< j : j < ng. a contradiction. In Section 6 we mentioned the problem of determining groups X for which the countable universal almost homogeneous permutation graph is a Cayley object. This graph is de ned by the countable universal pair of linear orders, in the same sense that betweenness or circular order are de ned by a single linear order. So, if this pair of orders is a Cayley object for the group X, so is the universal permutation graph. (The converse is not true, since an automorphism of the permutation graph may interchange the two orders, or may reverse both of them.)
